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                \begin{document}$$\mathcal {M}(n,D)$$\end{document}$ is said to *collapse* if its limit space is of lower dimension.

The first nontrivial example of collapse was discovered and carried out by Marcel Berger in about 1962. He considered the Hopf fibration $\documentclass[12pt]{minimal}
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A cornerstone for the theory of collapse under bounded curvature is Gromov's characterization of almost flat manifolds \[[@CR10]\]. For example, Fukaya's fibration theorems \[[@CR6], [@CR8]\] can be understood as a parametrized version of \[[@CR10]\]. In \[[@CR7]\], Fukaya applied these fibration theorems to the sequence of frame bundles of a collapsing sequence in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {M}(n,D)$$\end{document}$ (see \[[@CR7], Theorem 10.1\]). Cheeger et al. proved a simultaneously equivariant and parametrized version of this result in \[[@CR2]\].

It is well known that in general the elements in the boundary of $\documentclass[12pt]{minimal}
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Theorem 1.1 {#FPar1}
-----------
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The idea behind Theorem [1.1](#FPar1){ref-type="sec"} is the following illustrative observation. Let $\documentclass[12pt]{minimal}
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Example 1.2 {#FPar2}
-----------
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Similarly to the previous example we consider the sequence of flat tori $\documentclass[12pt]{minimal}
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The proof of Theorem [1.1](#FPar1){ref-type="sec"} requires the improved version of Fukaya's fibration theorems derived in \[[@CR2]\]. First, we show that, in order to prove Theorem [1.1](#FPar1){ref-type="sec"}, it is enough to restrict to sequences of manifolds with invariant metrics, as introduced in \[[@CR2]\]. Then we prove that (i) implies (ii) by constructing a lower bound as required in ([1.1](#Equ1){ref-type=""}) for any given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r>0$$\end{document}$. As the implication from (ii) to (iii) is trivial it remains to show that (iii) implies (i). This direction will be proved by contradiction. We will bound the volume of the ball in the manifold, up to a constant, by the injectivity radius and the diameter of the collapsing fibers. It remains to bound the injectivity radius of the fibers from above by the injectivity radius of the manifold in the related points. This is done by modifying the results of \[[@CR19]\] for bounded Riemannian submersions. In the end, we show that the constructed upper bound on the quotient converges to 0, giving a contradiction.
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In Sect. [4](#Sec4){ref-type="sec"} we prove Theorem [1.1](#FPar1){ref-type="sec"} using the strategy explained above. In conclusion, we define the space $\documentclass[12pt]{minimal}
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Collapsing Theory for Bounded Curvature and Diameter {#Sec2}
====================================================

In this section we recall the relevant theorems about convergence and collapsing in $\documentclass[12pt]{minimal}
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We henceforth use the notation introduced in this theorem repeatedly.

Another approach to collapse under bounded curvature was carried out by Cheeger and Gromov \[[@CR3], [@CR4]\]. They generalized local group actions and introduced an action of a sheaf of groups. In particular, they considered actions of sheaves of tori with additional regularity conditions. This defines the so-called *F*-structure ("*F*" stands for *flat*). Cheeger and Gromov proved that each sufficiently collapsed complete Riemannian manifold admits an *F*-structure of positive rank. This approach does not require an upper bound on the diameter of the manifold.

Combining these two approaches, Cheeger et al. introduced in \[[@CR2]\] a nilpotent structure (*N*-structure) and showed its existence on each sufficiently collapsed part of a complete Riemannian manifold. Roughly, if *M* is sufficiently collapsed, its frame bundle *FM* is the total space of a fibration with infranil fibers and affine structure group. Thus, there is a sheaf on *FM* whose local sections are given by local right invariant vector fields on the fiber.

A further main result of their article \[[@CR2]\] is the existence of *invariant metrics* on manifolds admitting an *N*-structure. These metrics are invariant in the sense that the local sections of the sheaf on the frame bundle are given by local Killing fields.

To obtain such a metric they first applied the following theorem due to Abresch \[[@CR1]\] to obtain uniform bounds on the derivatives of the curvature (see also \[[@CR18]\]).

Theorem 2.2 {#FPar6}
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In addition, Rong showed that, for sufficiently small $\documentclass[12pt]{minimal}
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Proposition 2.3 {#FPar7}
---------------
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At this point, we introduce the following notion: A Riemannian manifold (*M*, *g*) is called *A*-*regular* if there is a sequence $\documentclass[12pt]{minimal}
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Assuming the manifold to be *A*-regular, Cheeger, Fukaya, and Gromov proved the existence of invariant metrics, compare \[[@CR2], Sect. 7, Sect. 8\].

Theorem 2.4 {#FPar8}
-----------
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The Injectivity Radius of the Fiber {#Sec3}
===================================

The goal of this section is to prove Proposition [1.4](#FPar4){ref-type="sec"}. Therefore, consider a Riemannian submersion $\documentclass[12pt]{minimal}
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Recall that a Riemannian submersion is *bounded* if the fundamental tensors *A* and *T* are bounded in norm by positive constants $\documentclass[12pt]{minimal}
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The next corollary follows immediately by adjusting the bounds on the derivative of the exponential map.

Corollary 3.3 {#FPar12}
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Remark 3.4 {#FPar14}
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Characterization of Codimension One Collapse {#Sec4}
============================================
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Thus, we first show that, for a collapsing sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(M_i, g_i)_{i \in \mathbb {N}}$$\end{document}$, we can switch to invariant metrics $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{g}_i$$\end{document}$ without affecting the statement of Theorem [1.1](#FPar1){ref-type="sec"}.

Lemma 4.1 {#FPar15}
---------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(M_i,g_i)_{i \in \mathbb {N}}$$\end{document}$ be a collapsing sequence in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {M}(n,D)$$\end{document}$ with limit space *Y*. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta >0$$\end{document}$ sufficiently small and all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i \in \mathbb {N}$$\end{document}$ sufficiently large, there is an invariant metric $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{g}_i$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \vert g_i - \tilde{g}_i \vert&< (e^{\delta }-1) + C(n,\delta ) d_{\text {GH}}(M_i, Y), \\ \vert \nabla _i - \tilde{\nabla }_i \vert&\le \delta + C_1(n, \delta ) d_{\text {GH}}(M_i, Y),\\ \vert \tilde{\nabla }^j_i \tilde{R}_i \vert&\le C(j, n, \delta )(1 + d_{\text {GH}}(M_i,Y)). \end{aligned}$$\end{document}$$In particular,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&e^{- \tau (d_{\text {GH}}(M_i, Y) \vert n, \delta )- \tau (\delta \vert n)} \frac{{{\mathrm{vol}}}\big (\tilde{B}^{M_i}_r(x)\big )}{\widetilde{{{\mathrm{inj}}}}^{M_i}(x)} \le \frac{{{\mathrm{vol}}}\big (B_r^{M_i}\big )(x)}{{{\mathrm{inj}}}^{M_i}(x)}\\&\quad \le e^{\tau (d_{\text {GH}}(M_i, Y) \vert n, \delta ) + \tau (\delta \vert n)} \frac{{{\mathrm{vol}}}\big (\tilde{B}^{M_i}_r(x)\big )}{\widetilde{{{\mathrm{inj}}}}^{M_i}(x)}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{B}^{M_i}_r(x)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widetilde{{{\mathrm{inj}}}}^{M_i}(x)$$\end{document}$ are taken with respect to the metric $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{g}_i$$\end{document}$.

Proof {#FPar16}
-----
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In order to prove Theorem [1.1](#FPar1){ref-type="sec"} we consider the following *simplified setting*:
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The next proposition together with Lemma [4.1](#FPar15){ref-type="sec"} proves the implication (i) to (ii) in Theorem [1.1](#FPar1){ref-type="sec"}.

Proposition 4.2 {#FPar17}
---------------
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To finish the proof of Theorem [1.1](#FPar1){ref-type="sec"} it remains to show that (iii) implies (i). We again assume, without loss of generality, the same simplified setting as explained above. The main idea of the proof is to derive a contradiction by constructing an upper bound that converges to 0. This is done in the next proposition which, together with Lemma [4.1](#FPar15){ref-type="sec"}, finishes the proof of Theorem [1.1](#FPar1){ref-type="sec"}.

Proposition 4.3 {#FPar19}
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As a further explicit example, we consider the Hopf fibration $\documentclass[12pt]{minimal}
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Example 4.4 {#FPar21}
-----------
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We conclude this paper, by examining the following subspace of $\documentclass[12pt]{minimal}
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Definition 4.5 {#FPar22}
--------------
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At this point we want to recall the following proposition due to Fukaya, (c.f. \[[@CR9], Proposition 11.5\]):

Proposition 4.6 {#FPar23}
---------------
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                \begin{document}$$G_p$$\end{document}$ (defined in Theorem [2.1](#FPar5){ref-type="sec"}) are all finite. In other words, *Y* is a Riemannian orbifold.

In particular, it follows, by the definition of a Riemannian orbifold, that $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {M}(n,D)$$\end{document}$, we refer to \[[@CR7], Definition 0.4\]. This observation is important, as we want to use the following lemma due to Fukaya (c.f. \[[@CR7], Lemma 7.8\]).

Lemma 4.7 {#FPar24}
---------
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Combining this with Proposition [4.6](#FPar23){ref-type="sec"} we conclude the following properties of $\documentclass[12pt]{minimal}
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Theorem 4.8 {#FPar25}
-----------
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Proof {#FPar26}
-----
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